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1. Introduction 

Although some nonperturbative aspects of superstring theory can now be studied 
through duality symmetries, there are still many perturbative aspects of superstring the- 
ory which are not well understood. For example, perturbative finiteness of superstring 
amplitudes has only been proven by patching together amplitude computations using the 
light-cone Green-Schwarz (GS) formalism with amplitude computations using the Ramond- 
Neveu-Schwarz (RNS) formalism This patching is necessary since the light-cone GS 
amplitudes have contact term problems whereas the RNS amplitudes are only spacetime 
super symmetric after summing over spin structures. 

Another aspect of perturbative superstring theory which is not well developed is the 
computation of scattering amplitudes involving more than four external fermions. After 
extracting their low-energy contributions, these amplitude computations could be useful 
for simplifying analogous computations in QCD [Q]. However, contact term interactions 
in the light-cone GS formalism and the complicated nature of Ramond vertex operators 
in the RNS formalism have made these amplitudes difficult to compute. So to study 
perturbative finiteness and to obtain amplitude expressions for more than four external 
fermions, it would be nice to have a superstring formalism which does not suffer from the 
problems of the GS and RNS formalisms. 

Over the last seven years, a "hybrid" formalism has been developed which combines 
the advantages of the GS and RNS formalisms without including their disadvantages. 
The hybrid formalism is manifestly spacetime supersymmetric and therefore does not re- 
quire summing over spin structures and can easily handle an arbitrary number of external 
fermions. Furthermore, in a flat target-space background, the hybrid worldsheet action is 
quadratic so scattering amplitudes can be computed using free field OPE's. 

In this paper, one- loop scattering amplitudes will be computed using the d=4 version 
of the hybrid formalism which describes the Type II superstring compactified on any 
six-dimensional manifold which preserves at least d=4 supersymmetry . These one-loop 
amplitudes will be computed for an arbitrary number of external N=2 d=4 supergravity 
states which are independent of the compactification. The amplitudes will be expressed as 

^ The proof of ||2| using the twistor-string formalism is incorrect since the unphysical poles 
come from the chiral boson correlation function were not treated in a BRST-invariant manner. 

^ Although only the Type II superstring will be discussed here, all results are easily generalized 
to one-loop open or heterotic superstring amplitudes. 
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Koba-Nielsen-like formulas with manifest N=2 d=4 supersymmetry which closely resemble 
the formulas computed in for tree amplitudes. Although these one-loop amplitudes 
could be computed in principle using the RNS or light-cone GS formalisms, the problems 
described earlier have up to now prevented such computations. However, it will be shown 
that when all external states are NS-NS, the amplitudes agree with the RNS result. 

There are various generalizations of these one-loop computations which might be pos- 
sible. One possible generalization would be to compute one-loop amplitudes involving 
external compactification-dependent states. Such computations would be interesting for 
anomaly analysis but require a better understanding of correlation functions involving 
the chiral boson p in the hybrid formalism. A second possible generalization would be 
to compute one-loop amplitudes using the d=6 or d=10 pure spinor versions of 
the hybrid formalism which manifestly preserve more spacetime symmetries. And a third 
possible generalization would be to use the hybrid formalism to compute multiloop ampli- 
tudes which might be useful for studying perturbative finiteness. Up to now, only special 
"topological" amplitudes which involve trivial correlation functions of the chiral boson 
p have been computed at higher loops using the hybrid formalism . 

Section 2 of this paper will review the d=4 hybrid formalism. Section 3 will use the 
correlation functions of the hybrid worldsheet variables on a torus to compute explicit 
d=4 supersymmetric expressions for one-loop N-point amplitudes with external massless 
d=4 states. And section 4 will prove that these one- loop expressions are gauge-invariant, 
single- valued, modular invariant, and agree with the RNS one-loop amplitudes when all 
external states are in the NS-NS sector. 

2. Review of d=4 Hybrid Formalism 

2.1. Worldsheet action 

After embedding the RNS superstring in a c = 2 N=2 superstring and performing a 
field redefinition on the worldsheet variables, the superstring can be described in a d=4 
super- Poincare covariant manner using the d=4 hybrid formalism [Q. This formalism can 
be used to describe either the uncompactified superstring or any compactification of the 
superstring which preserves at least d=4 supersymmetry. For the Type II superstring, 
the worldsheet variables in this formalism consist of the N=2 d=4 superspace variables 
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[x™^, 6*2, 6*^, 6*^, 6*^] for m = to 3 and (a, a) = 1 to 2, the fermionic conjugate mo- 
menta [pLoiT pLaj PRaj pRa]j & left and right-moving chiral boson [p^, pn], and a worldsheet 
N=(2,2) c = 3 superconformal field theory which represents the compactification manifold. 
The worldsheet action in conformal gauge for these fields is 

j dzdz{]^dx^dxm + PL Jet + pL^el + PRc^dei + PR^de%) (2.1) 

'^Sp^ + Sp^ + Sc 

where Sp^ and Sp^^ are the actions for the left and right-moving chiral bosons, and Sc is 
the action for the compactification-dependent variables. Note that z versus z is correlated 
with L versus R, and not with 6 versus 9. 

As y ^ z, the free-field OPE's of the four-dimensional variables are 

^ -ry'^"log|?/-2|2, (2.2) 
pL{y)pL{z) - \og{y - z), pR{y)pR{z) - \og{y - z), 



xf3 _. S.P 

pUy)ei{z)^^, pUy)ei{z 



a 



y- z y- z 



y — z y — z 

Note that all worldsheet variables are periodic and that the chiral boson p can not be 
fermionized since e^^^"^^ q-pl{z) _^ (^y _ g^j^^ ^PRiv) q-pr{z) ^ (y _ j^g^g ^j^g same 

behavior as the negative-energy field (p that appears when bosonizing the RNS ghosts. 

2.2. Worldsheet N=2 superconformal generators 

Using RNS variables, one can construct the twisted c = 2 N=2 superconformal gen- 
erators [T, G, (5, J] = [Tmatter + Tghost, j B RST , ^, hc + ^rj] where the L/R index is being 
suppressed in this subsection. In terms of the d=4 hybrid variables, these generators are 
mapped under the field redefinition toQ 

T = -Idx'^dx^ - p^ar - p^dr - ^{dpdp + d^p) + T^, (2.3) 

G^eP{df + G^, G ^e-P{df + , J^-dp + J^, 



where 



rfa = Pa + ^O'^dx^^ - -(9)^89^ + l9^d{9f, 

/ 4 o 



^a^^, and [T*^, G"-', (5*-^, J*^] are the twisted c = 3 N=2 generators of the super- 
conformal field theory used to describe the compactification manifold. 
As was shown by Siegel[|10[, da and da satisfy the OPE's 

da{y)da{z) z^^^, da{y)dp{z) regular, da{y)dp{z) regular, (2.4) 

y z 

da{y)U{z) - UyWz) - 

y - z y- z 

5£ 5i 



da{y)deP{z) , " da{y)de\z 



da{y)n^{z) ^ — , da{y)Tr^{z) ^ -i^ — , n^{zW{z) 



y -z ' y- z ' [y-z] 



where 



n- = c>x"^-^a^^(ra^" + ^"ar), Da=de^-U'^daa, Da=d^.-'-9''daa, (2.5) 

and U{z) = U{x{z),9{z),9{z)) is a scalar superfield. The advantage of working with 
the variables da, da and H"^ is that they commute with the spacetime supersymmetry 
generators 

Qa = j dz\pa - ^O'^dXad " ^(OfdOa], ^'^ ^ j ^^^^ ^ l^^^^dXaa " ^{0^36 a]- 

2.3. Massless compactification-independent vertex operators 

Since the hybrid formalism is a critical N=2 superconformal field theory, physical 
vertex operators can be described by U(l)-neutral N=2 primary fields with respect to the 
superconformal generators of (|2.3|) . For massless states of the Type II superstring which 
are independent of the compactification, the unintegrated vertex operator only depends 
on the zero modes of [x"^, 6*2, 6*^, 6*^, 6*^] and is therefore described by the scalar superfield 
U{x, 9l, 9l, On, On), which is the prepotential for an N=2 d=4 supergravity and tensor 



multiplet []TI|. The NS-NS fields for the graviton, anti-symmetric tensor, and dilaton are 
in the OIO^O'^O^ component of U, i.e. 

[DLa,DLa][DRp,Dj^0]U\g^-^^Q = CT^a'^'^gihmn + bmn + Vmn(p) : (2.6) 



and the R-R field strengths for the U(l) vector and complex scalar are in the {0l)'^9^ 
{ORfei^ and eiidLf [ORfei^ components of U, i.e. 



where and are defined as in ( ^75|) with 91 and 6*^ variables, and Dr^ and Dro. 
are defined as in ( |2.5| ) with Of^ and 6^ variables. Note that in standard SU(2) notation for 
N=2 superspace, 91 = e%,el = = and = 

For U to be an N=2 primary field, it must satisfy the constraints 

{DLfU = {DLfU = [DRfU = {DRfU = dmd^U = 0. 

The first four constraints are the N=2 d=4 supersymmetric generalization of the usual po- 
larization conditions, and the last constraint is the equation of motion in this gauge. Using 
the OPE's of (|2.2|), one can compute that the integrated form of the closed superstring 
vertex operator is 

Jd^zV = J (fz Gl{Gl{Gr{Gr{U)))) = j d^z\H{z)\''U{z,z) (2.7) 

where 

H{z) = dl{z){DLYDLc. + di{z){DLfDLa (2.8) 
+dei{z)DLc. - d9l{z)DL^ + '-Ulc.c.{z)[DL DH 

I p signifies the left- right product, and all superspace derivatives -Dq, and act on the 
superfield U . 



Using the field redefinition to write (|2.7|) in terms of RNS variables, one can check 
that the NS-NS fields of (|3) couple in (Q as 

jdhV = j d^z{dx^ + i^t^Lkp){dx'^ + im^Mihmn + bmn + Vmn4>) . (2.9) 

which is the usual RNS vertex operator. Furthermore, j d'^z V is invariant up to a surface 
term under the linearized gauge transformation 

6U = {DLfAL + {DLf^L + {DRfkR + {DRfkR, (2.10) 

which is the N=2 d=4 supersymmetric generalization of the gauge transformation 5{hmn + 
hmn + rjmn4>) = dm^Ln + d-n^Rm- For example, under 5U = {DlYKl, 

5V = i-delDL^ + '-irE^ADl.DtmmDLf^L (2.11) 
= {-deiDL^ - delDL^ - Ii^d^)H{z){DLfKL = -d,{H{z){DLfKL). 



3. One-Loop N-point Scattering Amplitude 

3.1. Topological prescription 

In [P], a "topological" prescription was given for computing scattering amplitudes for 
any c = 2 N=2 superconformal field theory. This prescription uses the twisted version 
of the N=2 superconformal field theory in which the worldsheet N=2 superconformal 
ghosts contribute zero central charge and decouple from the scattering amplitudes. For the 
c = 2 N=2 superconformal field theory representing the self-dual string on X this 



prescription was used by Ooguri and Vafa |]T2| to explicitly compute the (/-loop partition 
function dependence on the moduli. 

For the c = 2 N=2 superconformal field theory which represents the superstring using 
the d=4 hybrid formalism reviewed in section 2, there is a subtlety in the prescription 
caused by the negative energy chiral boson p. Like the chiral boson (f) in the RNS formalism, 
correlation functions of p can have unphysical poles which need to be treated carefully. 
Fortunately, as in the special multiloop amplitudes computed in [§[ H] , this subtlety can be 
ignored here because the chiral boson p will decouple from the other worldsheet variables. 

The topological prescription for the one-loop Type II superstring amplitude is 

A = j d\{r2r^ J (fzi... j d^ZN{{ J JlAJr^ Vi{zi,zi)...Vn{zn,zn)) (3.1) 

where f Jl /\ Jr = f d?w{—dpL + J2){—dpR + Jr) is constructed from the U(l) currents 
of 1^ and ( ) signifies the two-dimensional correlation function on a torus. As discussed 
in [0, this prescription reproduces (up to picture-changing subtleties) the standard one- 
loop RNS prescription in the large Hilbert space. Note that when written in terms of RNS 
varaiables, (/ Jl/\JrY = (/ cPwibLCL+iLTlL)(bRCR + iRr]B)Y , and this term is necessary 
for providing the \bLiCL,iLi'nL\ and c^j, ^jj, ?7ij] zero modes in the large RNS Hilbert 
space. 

When the external states are d=4 supergravity states represented by (p77|), the vertex 
operators are independent of the p variable and the compactification variables. So the 
two-dimensional correlation function factorizes into a d=4 contribution coming from the 
[x"^, 6*°, 6*", Pq, Pq] worldsheet variables which depends on the external states, and a d=6 
contribution coming from the p variable and compactification variables which does not 
depend of the external states. Since the d=4 worldsheet variables are free fields, one 
can easily compute their correlation functions on a torus. Although the compactification 
variables are not necessarily free fields, they only contribute an overall factor through their 
partition function which is independent of the external momenta and polarizations. 
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3.2. Partition functions on a torus 

Since the d=4 worldsheet variables [x'^,9°',9°',pa,pa] all are periodic free fields, it 
is straightforward to compute their partition functions. From the four x'^'s, the par- 
tition function is (|??(T)|~^r2 ^)'^ = |??(t) |~^T2~^ where /^(r) = n^i(l — e^'^'"'^) is 
the Dedekind eta function. And the partition functions for the fermions ^l, 
and [pLoiTpLaTPRaTpRa] Contribute |?7(t)|^^ for correlation functions involving all sixteen 
fermionic zero modes. Note that these sixteen fermionic zero modes will come from the 
external vertex operators. 

The partition functions of the remaining variables depend on the twisted c = 3 N=2 su- 
perconformal field theory which describes the compactification manifold. For example, for 
the uncompactified superstring, the remaining variables are [x^ , , F-^, f-^, F-^, f-^, p^, 
where j = 1 to 3, F-^^^ are fermions of zero conformal weight and F-^^^ are fermions of 
+1 conformal weight. 

The partition function for the six uncompactified x's provides the factor (|??(t) |~^r2 ^ )^ 
= \ti{t)\~^'^T2^ . Naively, the partition function for [F-5^,r'5^, F-J^,r]^] is zero since 
((/ Jl a JrY) = {{J{-dpL + r{Tl){-dpR + Fj^rj^))2) provides at most eight of the 
twelve fermion zero modes. However, the partition function for the p field diverges in the 
absence of e'' factors, so the expression ((/ Jl A Jr)'^) needs to be regularized. This can 
be easily done by writing 

1 = limFi(|/)F^(y)e-''^(2/)-P«(y) Tl{z)Tl{z)eP^^^^+P''^~'^ (3.2) 

and computing ( 1 (J A JrY). With this regularization, the partition function for 
\r\,V\,V\,V\] and [F|j, F|j, F^j, F^j] gives |?7(T)|^r| where the eight fermion zero modes 
come from (J^ A J^)^ and the r| factor comes from integrating (J^ A Jn) twice over the 
torus. 

Finally, the partition function for the [F]^,f]^,pL] and [F}^, f p/j] variables can be 
computed using the same method as was used in [jl^ for the [^l, (^l] and [^r, rjn, 
variables in the large RNS Hilbert space. It was shown in that functional integration 
over variables reproduces the Verlinde-Verlinde prescription of for [/9,7] corre- 

lation functions if one inserts ^l(^)^_r(^^)(/ Vl A rjn)^ into the (/-loop correlation function. 
For example, the one-loop 7] correlation function 

{ShLivm^Rm 5{(3L{zm(3n{z))) (3.3) 
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is reproduced by the rj, cj)] correlation function 



Since only the zero modes of ^ and rj contribute to ( |3.4| ), this correlation function can be 
written as 

T2(a(2/)^i?(y)^L(^)??i?(^)e-'^^(^)-'^«(^)e^-(^)+'^«(^")) (3.5) 
where the r2 factor comes from the (Pw integration. But 

{5{iL{ymiRm smzmpniz))) = \vir)\-' (3.6) 

for odd spin structure, which is the relevant spin structure for the periodic p variable. 
So by comparing with ( |3.5|) one finds that ( 1 ) = |??(T)|~^r2~^ for the [F];^, f p^] and 
[r)j, f pji] partition functions where 1 is defined in (|3.2|). 

Multiplying together the above partition functions, one finds for the uncompactified 
superstring that all rj{T) factors cancel and 

A = J d\{T2r^ J (fzi...j (fzN{{ Vi{zi,zi)...Vn{zn.zn))) (3.7) 

where (( )) signifies the correlation function on a torus divided by the partition function, 
and the correlation function must include all sixteen zero modes of the d = 4 fermionic 
variables. Using techniques similar to those used in for tree amplitudes, ( p77|) will now 
be explicitly computed. 

3.3. Koba-Nielsen-like formula for one-loop amplitude 

To evaluate ( ^.7| ) for external massless compactification-independent states, it is con- 
venient to use (|2.7| ) to write 

N N 



r=l r=l 

^ r) f) ^ ^ 

= n75-7^l^^--^=0 {{WMY.'rHr)?\{UM^''t))) (3.8) 

s=l r=l t=l 

where H^. is defined in ( p.8|) and D^-a and D^a are fermionic derivatives which act only on 

Ur{Zr,Zr). For example, D2a]\^=iUr{Zr,Zr) = Ul{zi,Zl) DaU2{z2,Z2) llr=3 ^riZr , Zr) ■ 

Furthermore, it will be convenient to introduce the notation 

Hr = da(^rX + 4(^r)< + d9^{Zr)a^ + d9^{Zr)d$ + n^(zO&r (3-9) 
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where 

(3.10) 

Note that the L/R index has been suppressed in these formulas and that | | ^ signifies the 
left-right product. 

The first step in evaluating ( |3.8D is to eliminate the (i" variables using the OPE's of 
( p.4|) .i After separating off the zero mode (i^Q^ of (i", any correlation function involving 
(i°(z) is determined by the conditions that it is a periodic function of z and has the pole 
structure determined by the OPE's of (|2.4|). So (P78|) is equal to 



^ rt Ft ^ 

n arar'^^=^"^=°^^^ ' """"P^^ + E^-^(o)-OI' ■■ n ^-))) (3.11) 

s=l s s ^ r=l 

where 

M = ^ e^[4(2r)< + 9^d(2r)a^ + n^(^r)^r] (3-12) 

r 

r,s 

-"^er^sdFizr - Zs)w^asc + "^tresetFizr - Zs)F{zt - Zs) d6a{zs)w'^wtaw", 

r,s T,s,t 

the function F{z) in ( |3.12| ) is the Dirac propagator for odd spin structure 

F{z) = d, logei(z,r), 

and the normal ordering symbol : : signifies that D" is always ordered to the left of 
[ty", w", a", a", 6^]. The term proportional to tr^s^t in ( |3.12| ) comes from the pole of 
d°'{zt) with the residue of the pole of d^{zr) at Zg. Note that all 6"'{z) variables in ( |3.11j ) 
can be set equal to their zero mode since there are no more variables to contract 
with. 

Although F{z) — * -^"(-2) — 27rm under z —>■ z + m + nr, the correlation function of 
( p.ll|) is single- valued on the torus after integrating out the fermionic zero modes d^^^ . To 
see this, suppose that Zu ^ z^ + m + nr for some u. Then M — > M — 2nin SM where 

SM = (^ erW^) [Due + (^n^d {zu)Wu - ide"' {zu)huac, + 2d6^{zu)Wu X] ttWtcF{zt -Zu))] 



^ Although one could instead have used the free field OPE's of ( p. 2]) to eliminate the p° 
variables of ( ^.S]) , this would break manifest d=4 supersymmetry. 
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s t 

Since integrating over brings down the term (Ylij.^rWrY ^ the first term in 5M does 
not contribute since it is proportional to e^'w^r • check that the second term in 

5M contributes 

((: (5M|expM|2 : \{Ut{zuZt))) = -((: euW^il dy d„)|expM|2 ■.\[Ut{zuZt))) (3.13) 
t ^ t 

where the contour integration in ^ dy da goes around all N external vertex operator loca- 
tions Zr- Deforming this contour off the back of the torus, one finds that (|3.13|) is zero, so 
the correlation function of ( p.ll|) is single- valued on the torus. 



One can similarly use the OPE's of ( |2.4|) to eliminate (i" in ( |3.11| ) and write 



((n!Ll Vr{Zr,Zr))) aS 



n7^7^l-=-=0((h^^P(E^'^(^^V"+4°^O+^) : I'U^riZrrZr))) (3.14) 



des des 

where 



L = ^e,n^(z,)6;" + ^e,F(2, - 2,)(D.„< + ^sd<) (3.15) 

r r,s 

+ ^eres[-^(2r - Zs)lU-aa{Zs)w"w'^ +dF{Zr - Zs){asaW" + dsaWr)] 
rs 

-i ^ eresetbtcaw"w"F{zt - Zs)dF{zr - zt) 

r,s,t 

+ ^ ereseteuWtaWuaWfw^F{zu- Zr)F{Zs - Zr)dF{zt- Zr), 

r,s,t,u 

all 9 (z) variables are set equal to their zero mode d(o), and the normal ordering symbol 
: : now signifies that is always ordered to the left of D", which is always ordered to 
the left of [w^, w^, a^, a^, 6;"]. 

The final step in evaluating ((H^i ^r{zn Zr))) is to perform the correlation function 
over the x"^ variables. Note that in ( p.l5|) is equal to dx"^ since and 9°' have been 
set equal to their zero modes. The correlation function over x"^ is easily performed using 
the scalar Green's function x'^{y, y)x'^{z, z) —* 'r]"^'^G{y — z) where 

G{y -z) = - log |ei(y - z, r)p + —[Im{y - z)f. (3.16) 
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For example, 

((|exp(^Cax^(^,))|2j]e^'=^"^^-(^^))) (3.17) 

r s 

= exp(^[-^/c^/cs^G'(zr - Zs) + id^ksmdG{zr - Zs) + ic'^ksmdG{zr - Zs) 

r,s 

~C^Csmd^G{Zr - Zs) - ^c'^CsmB^ G{Zr - Zs) - ^^^^^^^(^^ - Zs)]) 

= exp{~ — [Imy^(c'^ +ik'^Zr)][Imy^(csm +iksmZs)]) 

r s 

\ei^p{-idJ^ks„,F{zr - Zs) + ^c™c^aF(z^ - Zs) + ^/c^^/c^^ log ei(zr - Zs,t))\'^ 



where k"^ in ( |3.17|) is defined by k'^ = —k'^ so that e^^"^^-^^^-^^ = e*'=™^'"(^^). 

So after performing the correlation function over x"*, integrating out the zero modes 
of [(i"o)' '^(0)' ^(0)' ^(0)]' ^'^d plugging into ( 3-7|) , one finally obtains the N=2 d=4 supersym- 
metric Koba-Nielsen-like formula for the one-loop amplitude 

A = j d\{r,)-^J d'z,...j rf'^ivn^J^I^^--«=o (3.18) 
j (feL(feL(feRCpeR : lexpCI^ : (^e,«;L,)2(^e,«;L,)2(^e,«;i?,)2(5^e,«;^,)2 



s r 



exp(-|^[/m(K"^ + z kT^r)f) n Ie>i(^^ - r)|'=^"^'=- ^*(^' 

r r,s t 

where 

C = J2 ^rF{Zr - Zs){Ds^W^ + Dsc^K " ^hmb^) (3-19) 



+ ^ eres[F(2;^ - 2s)F(zs - Zt)ktc&w'^ w'^ + - Zs){asaw'^ + asatw" + ^6^6sm)] 

r,s,t 

-i eresetbtaaU!sW^{F{zt - 2^) - ^^(^r - 2s))9F(2^ - zt) 

r,s,t 

+ ereseteuWtaWuc,WsW"{F{zu- Zr) - F{zu- Zt))F{Zs- Zr)dF{Zr- Zt), 

r,s,t,u 

= Y,^rhT - J]e,e,<<F(z, - Zs), (3.20) 

r r,s 

C/t(/c, 6*, 6*) is the Fourier transform of Ut{x, 9, 9), k"^ is defined by k"^ = —k'^ in K'^ and 
C*, -F(-2) = dz log 0i(2, r), [ly", , a°, a", 6^] is defined in ( p.lO|) , and the normal ordering 
symbol : : signifies that is always ordered to the left of D", which is always ordered 
to the left of [<, iD^, a^, a^, h"^]. 
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4. Consistency of the One-Loop Formula 

Although the derivation of ( |3.18| ) was completely straightforward, the consistency of 
this one-loop formula will now be checked by showing that it is invariant under gauge 
transformations of the external states, single-valued as a function of the vertex opera- 
tor locations, modular invariant, and agrees with the RNS one-loop amplitude when all 
external states are in the NS-NS sector. 

4-1- Gauge invariance 

To check the invariance of ( p.l8|) under the gauge transformation of ( |2.10| ), first con- 



sider dUu = {DlYKlu for the external state at Zu- Since DISUu = 0, one sees from ( |3.1C1| ) 
that = = al^ = 0, al^ = Dt^, and 6^ = -zC- So from and CT , 

^' o-\expC\'':exp{- — [Im{K'^ + iyk';Zr)f) (4.1) 



I 

r r 

-i ^ eresbuaaW'^w"{F{Zu - Zs) - F{Zr - Zs))dF{Zr - Z^) 

r,s 

'^''humIm{K'^ + i C^r)] I exp C|2 exp(- — [/m(K"^ + i ^ k'^Zr)^ 



T2 — To 

^ r ^ , 

= ■■ [- ^(-^^ " 2;r)/SrmC + Yl ^rdF{Zr - 2:„)(L'„d< " ib'^Km) 

r r 

+ Y ereskuac.w"w^F{Zr - Zs)dF{Zr - Zu) + —kumIm{K'^ + 1 V /c^^^^)] 

— To — 

r,s r 

|expC|2exp(- — [/m(K'" + z VC^r)]^) : 

where when changing (iua to -0^^, one needs to be careful with normal ordering since 

: : 0^6. =: D^o. • - • [Due., e^] : (4.2) 

r 

when = 0. One can easily check that ( [4.1| ) is equal to 

^ ' „=o : |expC|2exp(- — [/m(K'- + z^O,)]2) : J] " r)|'=''"^-, (4.3) 



r r,s 



SO the amplitude of (|3.18|) is gauge invariant up to a surface term. Similarly, one can show 
that the gauge transformations 5Uu = {Dl)'^Al + {Dji)'^Aji + {Dji)'^Aji only change ( |3.1(j| ) 
by a surface term. 
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4-2. Single-valued function of vertex operator locations 

Under the transformation Zu —* Zu + rn + nr for integer m and n, the function 

F{z) = log Gi [z, r) ^ F{z) - 2nin. 

Since the points Zu and Zu + m + nr are identified on the torus, one needs to check that 
the integrand of (|3.18|) is single-valued under this transformation. 



Using that J^r^rW^ = J^r^^W^ = Ylir^T — from the [(ia, (i^, a;"*] zero mode inte- 
gration, one finds that : | expCp : transforms into 

: I exp(C + 27rm[e,« + < 5Z ^«") ^^'^^ 

s s 

r s,t r,s 

\exp{C + 27rnkumK'^)\'^ : 

where the terms proportional to J2s and Dga are total derivatives which can be 
ignored after ordering to the left of e*^ using 

: Dsc, ■.= Y,Dsc.- : - -.^2 ^rF{zr - Zs)k,^^w^e^ : . (4.5) 

s a r,s 

Since the term 

exp(- — [/m(z V k^Zr)f) n |ei(z, - z^, r) l'^^"^'^- (4.6) 

r r,s 

is invariant under Zu Zu + rn + nr , 



27r r , , . .™ . X ^ , ™ X -, ^^ TT , „ . \ I t'^/r 

Zr - Zs,tV^ 



exp( [ImiK^^ + I V kTzr)f) T\\Qi{ 

To — 

r r,s 



transforms into 

exp(-47rmA;^^/mi^"") exp(- — [/m(K"^ + i V C^r)]^) Ff l^ii^r - z,, r) 

r r,s 

So the product 



27r,^ . ■^-^ , ^ ^-,o^TT,„ / \iA-"^j!r 



: lexpCI^ :exp( [/m(i^"^ -f z V C^,)]') TT |6>i( 

7-2 ^ J-J- 



r r.s 



is invariant under Zu — * + ^ + implying that the integrand of (|3.18| ) is single- valued. 

13 



4-3. Modular invariance 

Under the modular transformation t ^ t' = —t~^ and z z' = t~^z, the amphtude 
of (|3.18| ) should remain invariant. To check this, it is useful to define = T~^er- Using 



= |r|-V2, F{z, r) = r'^F^z', T')-2niz', dF{z, r) = T-'^d'F{z', T')-2niT-\ (4.7) 
one finds that 



A=j <iV(ri)-«|r|-/ d^.../ d^4n^|rl<^.-;^0 (4.8) 

r s r s 

exp(-^[/m(i^- + z J2 C^r)]') n - J] Utik, OL^eL, Or, Or) 

^ r r,s t 

where C and K"^ are defined in ( |3.19| ) and ( |3.2q ). 

One can write : expC : in terms of e^, z'^, and t' using 

: expC(e,,^,,r) :=: exp(C(e;, z^, r') + 27rz[5^ ^ I^,, + < 5,,) (4.9) 

r s s 

-i ^ erKm ^ /^r^ - eres{z'^F{Zs - Zt) - z[F{Zr - Zs))ktaaWfw^ 

r s TjSjt 

-r"^ ^ eres(^t(^uWtaWuaW'^w" F{Zs - Zr)F{zt - Zu)]) : 
r,s,t,u 

=: exp(C(e;, <, r') + 2mr[-iK'^ - Ik'^K'^]) : 

t 

where 

r r,s 

and ( ^TSP has been used to order DgQ, to the left of : expC :. 
Since ( [4.6| ) is modular invariant, 

exp(-^[/m(K- + z V C^r)]') n - 

14 



s 

To 



^2 



So 



expC(e,, Zr, r)|2 : exp(- — [/m(i^"^ + i V C-^r)]') ff - -^^^ r)l^-"^'=- 

7-2 J- J- 



=: I exp C(e;, <, r') P : exp(-^[/m(K'"^ + z H " 

''"2 

r r,s 

which imphes using ( [4 .81 ) that A is modular invariant. 

4-4 ■ Equivalence with RNS amplitude for external NS-NS states 



In this final subsection, the one- loop amplitude of ( 3.18 ) will be shown to be equivalent 



to the RNS prescription when all external d=4 states are in the NS-NS sector. The method 
used for evaluating the RNS amplitude will be an N-point generalization of the four-point 
one-loop computation in . 



In the RNS formalism, the one-loop amplitude for external massless d=4 NS-NS 
states can be written as 



N ^ ^ N 



Arms = J d\{r2)-^ \{ j d^Zr J^ii J d'^w bLCL{w)bnCR{w)) J] (4.11) 

r—l spin r—1 

where V^^^ is defined in (|2.9| ), J d^w bLCL{w)bRCR{w) provides the fermionic ghost zero 
modes, and Ylspini ) signifies the two-dimensional correlation function summed over the 
four possible spin structures on the torus. Since Vr only involves i/'"^ in four of the ten 
directions, the odd spin structure does not contribute to ( [1.11| ). 

The first step to evaluating (|4.11| ) is to compute the partition functions of the various 
worldsheet fields. For the uncompactified superstring, the 7] partition function cancels 
the partition function, the partition function contributes |r7(r) |~^'^r2~^, and the 
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[^L, Ci, bn, Cfi] partition function contributes |?7(T)|^r2 where the T2 factor comes from the 
j d^w integration in ( [4.11|) . 



To compute the partition function for i/^^ for // = to 7, it is convenient to Wick- 
rotate to Euchdean space and then use SO (8) triahty to map ifj^ to a Majorana-Weyl SO (8) 
spinor variable for a = 1 to 8. As in the GS formahsm, satisfies periodic boundary 
conditions on the torus so there is no need to sum over spin structures. As discussed in ||T3[] , 
the only subtlety in this SO (8) triality map comes from the odd spin structure because of 
the missing zero modes of tl^^ and i/^^. Note that the odd spin structure contributes parity- 
violating amplitudes involving odd powers of the spacetime e tensor. However, as in the 



one-loop four-point amplitude computed in [15], there is no parity violating contribution 



to one-loop N-point amplitudes when all external states contain d=4 polarizations and 
momenta. So the above subtlety coming from odd spin structures can be ignored. 

Since the partition function for eight left and right- moving periodic fermions con- 
tributes |?7(t)|^^, the scattering amplitude of (|4.11|) is 



N „ N 



Arns = J d\{r2r'll J d^M{llvJ''''{zr,Zr))) (4.12) 



where 

y/'^^ = (dx^ + ixl{r"'nabxlkp){dx^ + lX'Rir'"')cdXRk,){hmn + bmn + Vmn<P) . (4.13) 

(r"^"^)afe are constructed from the S0(8) Pauli matrices, (( )) signifies the correlation 
function divided by the partition function, and the correlation function must include all 
sixteen fermionic zero modes of xl Xr- 

To compare ( [4.12| ) with the one- loop amplitude of ( |3.7[ ), divide the Majorana-Weyl 



S0(8) spinor x" into the S0(4)x S0(4) spinors x°^' and x"^' for {a,a,f3',$') = 1 to 2 
where the first SO{4) acts on the unprimed spinor indices and /U = to 3, while the second 
SO (4) acts on the primed spinor indices and = 4 to 7. Then by defining 

r=x"+', t=x''-\ P" = X""', r=x"+', (4.14) 

one can equate the correlation function and zero modes of x" with the correlation functions 
and zero modes of [6*", 6'",pQ,,Pa]. Furthermore, one can use 

X (J- )abX - P [cr japtl'^+p [a 
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to show that the hybrid vertex operator of ( p.7|) for NS-NS states coincides with the RNS 
vertex operator of ( [4.13|) . So the RNS and hybrid one- loop amphtudes for external NS-NS 
states have been proven to be equivalent. 
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